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Abstract. We study cr-additive set functions denned on a hereditary 
subclass of a cr-algebra and taken values in the extended real line. Analogs 
of the Jordan decomposition theorem and the Radon-Nikodym theorem are 
obtained. 



< 

Throughout this note, A stands for a cr-algebra of subsets of a set Q, 
R denotes the extended real line RU {— 00} U {+00}. By a measure on A 
we mean a cr-additive set function [i : A — » R with /i(0) = 0. Note that in 
fact a measure can take at most one of the values +00, —00. 

o 

Definition. A set function it : — > R defined on a nonvoid subclass 
T>(ii) of a cr-algebra A is called a partial measure on A if for every B G X>(/x) 
the restriction li\_ac\B is a measure on the cr-algebra An B = {A H B : A E 
A}. A partial measure is called maximal if it has no proper extension to 
a partial measure on A. 



By making use of the Zorn lemma, it is easy to see that every partial 
measure can be extended to a maximal one. 

Example 1. Let fii, 112 be positive measures on a A. Then the formula 
{lii — ni){A) = Hi(A) — /12(A) defines a partial measure \i\ — (V(li\ — 
li 2 ) = {A e A : fii(A) - ll 2 (A) is well-posed}.) 

Example 2. Let (Tl,A, P) be a probability space, £ : O — > R be a random 
variable. Then the formula li^(A) = J A ^dP defines a maximal partial 
measure ii£ on A. (V(li^) = {A G A : £ is quasiintegrable over A}.) 

For a partial measure /x on A, define two classes: ^ r+ (/^) = {F 6 : 
ABiCf > 0}, = {F G X>(/x) :i9icF 

//(A) < 0}. 
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Lemma 1. Let {Fi : i G /} and {F 1 - : j G J} be two finite or countable 
families of mutually disjoint sets o/jF+(/i) such that [J ieI Fi = {Jj eJ Fj. 
Then E, e /M^) = E je jM^)- 

Proof. Since F t = U j6 j(F n Fj) for every i G /, Fj = U ie j(*i n Fj) for 
every j G J, and Fj, F'- G "P(^) we have 

E v( F i) = E E n^)=^ n Fj) = £ M*?) ■ 

Lemma 2. Let a partial measure fx on A be maximal. If {Fj : i G /} is a 
/mite or countable family of sets of J 7+ (fx) then [J ieI Fi G F + (/x). 

Proof. Clearly, it suffices to prove that all the unions {J ieI Fi of finite or 
countable families of mutually disjoint sets of F + (/i) belong to J r+ (fx). Ex- 
tend fx to such unions by means of the formula ji(Ui eI Fj) — ^2 ieI A*(-F). 
(By Lemma 1, fx is well-defined.) The extension obtained is a partial mea- 
sure on A. Really, if A = \J ieI Fi (I is finite or countable, Fi G F + (/i) 
for any i G /, Fj fl Fj = for i ^ j) and A = \J keK At (K is finite or 
countable, A k G A for any k E K, A k H Ai = $ iox k ^ V) then 

= E>( U ( F * n = E E m f < n A fc ) = J2 E ^ n A ^ 

i€J fc£-K" i€J fceif keK iel 

= E^ Afc )- 

Moreover, it is easy to check that the unions under consideration are sets 
of the class J 7+ (jx). To complete the proof, it suffices to observe that fx = fx 
by the maximality of /x. 

Theorem 1. Let \x be a maximal partial measure on a a-algebra A. Then 
the formulas 

fx + (A) = sup fx(A n F), fx~(A) = sup (-fx(AnF)) (A G A) 

define two positive measures on A such that fx = fx + — \x~ . Moreover, if 
/xi is a positive measure on A with (x(A) < fXi(A) for all A G T>(fi) then 
fx + < \x\. Similarly, if fx 2 is a positive measure on A with —fx(A) < fx 2 {A) 
for all A G T>(fx) then fx~ < fi 2 . 

Proof. Observe, first, that for every F G F + {p) the formula /xf(A) = 
/x(A fl F) defines a positive measure fx p on A. Also, from Lemma 2 it 
follows that the class F + (/i) is upwards directed by inclusion. Moreover, 
the condition F 1 C F 2 (F 1 ,F 2 G T + {fx)) implies fx Fl (A) < fx F2 (A) for all 
A G A. It follows that the set function fx + on A is a pointwise limit of an 
increasing net of positive measures, therefore, fx + is a positive measure in 
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Next, let A G T>(fj). By the Hahn decomposition theorem, A can be 
represented as a union, A = A + U A~ , of two disjoint sets A + G F + (p) 
and A" G ^"(/x). Clearly, /i+(A) = and = Thus, 

n(A) = fi + (A) — for any A G X>(//). Since /i + — /i~ is a partial 

measure on .4. (see Example 1) the maximality of \x yields /i = /i + — 

Now, let \i\ is a positive measure on ^4 with (i{A) < Hi(A) for all 
A G V(fjL). Take A G A. For every F G we have fj,(A flF) < 

Hi(AnF) < yUi(A). Therefore, A* + (^) = sup /i(AnF) < ^i(A). 

F6^+( M ) 

Thus, we have proved the extremal property for The similar extremal 
property for \i~ can be proved in the same manner. 

Corollary 1. Let n be a maximal partial measure on a a -algebra A and 
A be a set of A\V(fi). Then there exist two subsets A', A" of A such that 
A' G F+ifi) and fi(A') = +oo, A" G and /j(A") = -oo. 

Proof. Since A G" T>(fx) = V(/i + — fx~) we have fi + (A) = +oo and [J>~(A) = 
+oo. By the definition of fi + , we can find a sequence {A n } C J r+ (p) of 
subsets of A, such that n(A n ) > n. By Lemma 2, the union A' = U«Li A n 
is a set of J r+ (n), and, obviously, /x(A') = +oo. The set A" can be 
constructed in the same manner. 

Remark. The preceding theorem is an analog of the Jordan decomposi- 
tion theorem. Example 3 below shows that the direct analog of the Hahn 
decomposition does not hold for general maximal partial measures. Nev- 
ertheless, the latter analog does hold provided that a maximal partial 
measure under consideration is absolutely continuous with respect to a 
certain "good" measure (see the proof of Theorem 2 below). 

Example 3. Let a a-algebra A of subsets of O contains all the one-point 
subsets of O and does not coincide with the class V(0.) of all the subsets 
of (For instance, we may take the Borel a-algebra of [0, 1] as A.) Let 
B G V(fi) \ A. Define the set function \x as follows: 

{0 if A = , 
+oo if A 3 A C B and A ^ , 
-oo if A 3 A C fl \ B and A ^ . 

It is easy to see that \x is a maximal partial measure on A and that there 
exists no C G with 0\Ce 

In the rest of the note, the triple (0,^4, P) stands for a probability 
space, the abbreviation a. s. means "almost surely with respect to P" . The 
following theorem is an analog of the Radon-Nikodym one. 

Theorem 2. Let a maximal partial measure [i on A be absolutely con- 
tinuous with respect to a probability measure P (i.e., F(A) = implies 
A G T>(n) and fx(A) = 0). Then there exists an a. s. unique random vari- 
able £ : O — > R such that [i = n^, where fJ-^(A) = J A £dF (see Example 

in \ 
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Proof. Set + = ess supjF+(^). Recall that ess sup^ r+ (^.) is a set of A 
such that for any A E A 

VFeJ r+ (^)(F c A) <=> ess sup^+Gu) C A 

a. s. a. s. 

(see, e.g., [1, Proposition II. 4.1]). From the proof of the proposition just 
referred, it follows that fi + can be constructed as a union of a countable 
family of sets of J r+ (p). Therefore, fi + E J r+ (p) by Lemma 2. 

Our next goal is to show that fi~ = O \ fi + is a set of J 7- ([/,). Suppose, 
on the contrary, that 0~ £ J r ~(/j,). Then there exists A C fi~ (A e ^4) 
such that either //(^4) > or A E~ V(fj,). In each of the cases, we can 
find a subset A' C A with A' E ^(p) and fi(A') > (see Corollary 1 
for the second case). Hence P(A') > 0. This contradicts the definition of 
fi + = ess sup^ r+ (/x). 

By making use of the Radon-Nikodym theorem (see, e.g., [1, Proposi- 
tion IV. 1.4]), we can find two positive random variables £ + and £~ such 
that = for uj E fl~ , = for uj E fi+, fi(A) = f A f+ dF if 

tt+ DAEA, li{A) = - J A £~ dF if Q~ d A E A. Writing £ = £ + - £~ we 
have for A e P(^) 

/i(i)=/i(AnO+) + ^(infi-)= / £+dF- [ CdF= [ £dF. 

JAnii+ J Ann- J A 

Hence, \i = fi^ by the maximality of fj,. 

It remains to prove the claim about the uniqueness. Let rj be a random 
value such that fj, v = fx. Then, by the uniqueness assertion in the Radon- 
Nikodym theorem, we have = and r/|n- = £|n-> hence 77 = £. 

el. S . cl.S. £L.S. 
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